Explicit mapping between a 2D quantum Hall system and a 1D Luttinger
  liquid, I. Luttinger parameters by Horsdal, Mats & Leinaas, Jon Magne
ar
X
iv
:c
on
d-
m
at
/0
70
13
22
v1
  [
co
nd
-m
at.
str
-el
]  
15
 Ja
n 2
00
7
Explicit mapping between a 2D quantum Hall
system and a 1D Luttinger liquid
I. Luttinger parameters
Mats Horsdal and Jon Magne Leinaas
Department of Physics,University of Oslo,
P.O. Box 1048 Blindern, 0316 Oslo, Norway
January 14, 2006
Abstract
We study a simple model of a quantum Hall system with the elec-
trons confined to a linear, narrow channel. The system is mapped to
a 1D system which in the low-energy approximation has the form of a
Luttinger liquid with different interactions between particles of equal
and of opposite chiralities. We study this mapping at the microscopic
level, and discuss the relation between the parameters of the 2D sys-
tem and the corresponding 1D Luttinger liquid parameters. We focus
in particular on how the parameters are renormalized by the electron
interactions and show that the velocity parameter of the current is not
modified by the interaction.
1 Introduction
It is a well known fact that a two-dimensional electron gas in a strong per-
pendicular magnetic field is dynamically equivalent to a one-dimensional
electron system, when the magnetic field is sufficiently strong so that the
electrons are effectively confined to the lowest Landau level. Furthermore,
for the quantum Hall plateau states, where the electrons form an incompress-
ible 2D liquid, the low energy edge excitations define a 1D chiral Luttinger
liquid, as was first pointed out by X.G. Wen [1].
Even if this relation between the 2D quantum Hall system and the 1D
Luttinger liquid is well understood on the basis general arguments, there
is no explicit mapping between these systems for general plateau states.
This leaves some uncertainty concerning the precise relation between these
two systems, and we note in particular recent discussions concerning the
asymptotic behaviour of the edge correlation functions of the quantum Hall
system, where numerical studies have suggested a possible deviation from
the expected behaviour, based on the Luttinger liquid description [2, 3, 4].
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The motivation for the present paper is to examine in detail the relation
between the quantum Hall system and the Luttinger liquid in a simplified
case, where an explicit microscopic mapping between the two systems can
be performed. This means that we do not consider fractional quantum Hall
states, but instead a case of integer filling. The 2D electron gas, in this
model, is assumed to be constrained to a narrow channel, and the electron
interaction is assumed to be sufficiently long range to interconnect the two
edges. We examine how the 2D description of this system is mapped to a
1D theory, which in the low energy approximation is a complete Luttinger
liquid theory, with both chiralities included.
The confining potential of the 2D electrons we assume to have an har-
monic form. In the 1D description this is translated to a standard kinetic
energy, which is quadratic in the particle momentum. With the electrons
treated as spinless particles the model is similar to the one analyzed in the
classic paper by Haldane on Luttinger liquid theory [5]. Thus, we use this
paper as reference for our discussion and in particular duplicate his eval-
uation of the Luttinger parameters by use of the bosonization technique.
In these evaluations we assume a simple gaussian form for the 2D electron
interaction.
The model studied in this paper provides an explicit, microscopic de-
scription of an electron system where the appearance of the Luttinger liquid
form at low energies can be studied in detail. In the standard description,
an interaction which acts differently for particles with the same chirality, as
compared to particles with opposite chirality, will give rise to a renormal-
ization of the particle current [5]. However, one of our observations is that
the integrated current is not modified by the interactions. We relate this to
the general argument that in the 1D system such a renormalization is not
to be expected due to momentum conservation.
In the present paper our focus is on finding the precise form of the
mapping between the 2D quantum Hall system and the corresponding 1D
Luttinger liquid, and on examining the renormalization effects introduced
by the particle interaction. In an accompanying paper we follow up this by
studying, within the same model, the electron correlation functions [6]. For
the 1D system this can be done by the standard bosonization technique, and
the main focus of the paper is to map this to the 2D electron correlation
function and to study the effects of the interaction both on the electron
density and the asymptotic form of the correlation function.
2 The mapping from two to one dimensions
The possibility of a one dimensional representation of a two dimensional
gas of electrons in a strong magnetic field is based on the fact that the two
orthogonal coordinates of the plane become non-commuting when projected
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to the lowest Landau level. Therefore they are more like the conjugate coor-
dinate and momentum of a 1D system than the two independent coordinates
of a 2D system. The projected electron coordinates satisfy the commutation
relation
[x, y] = −il2B (1)
with lB =
√
~/eB as the magnetic length of the electrons in the strong
magnetic field B. The electron charge is e and we consider eB as positive.
The commutator (1) is like the commutator between x and p for a particle
in one dimension, except for a scaling factor which is determined by the
strength of the magnetic field. This shows that an electron wave function
ψ(x, y), when restricted to the lowest Landau level, is like a wave function
defined on phase space rather than configuration space, and is therefore
similar to a coherent state wave function. As a consequence of this an
alternative description exists where the wave function depends on one rather
than two coordinates. For example the wave functions may be of the form
ψ(x), with x as the one-dimensional coordinate and y represented by a
momentum operator y = il2B
∂
∂x
.
Clearly the mapping from 2D to 1D is not unique. We may use y rather
than x as the new coordinate, but we may also map the system to a circle
rather than an infinite line. Thus, by using the the polar coordinates φ and
r2 as conjugate variables, the 1D wave function may be chosen as a function
of the angle variable, ψ(φ). In this case r2 represents the angular momentum
operator, r2 = −2il2B ∂∂φ , with the restriction on the angular momenta to be
non-negative. However, in the present case, with the electrons confined to
a linear channel, where x is chosen as the coordinate along the channel, the
natural choice is to use x as the coordinate in the one-dimensional descrip-
tion.
An explicit mapping from 2D to 1D can readily be made if we make the
proper gauge choice. We focus first on the non-interacting case, with no
confining potential, and with the electrons here as in the rest of the paper
treated as spinless particles. We choose the Landau gauge, with the vector
potential expressed in terms of the constant perpendicular magnetic field as
Ax = −yB , Ay = 0 (2)
In this gauge the single particle Hamiltonian is
H =
1
2m
(p− eA)2
=
1
2m
(px + eBy)
2 +
1
2m
p2y
=
1
2m
(p2y +m
2ω2c (y +
l2B
~
px)
2)) (3)
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where in the last expression the cyclotron frequency ωc = eB/m has been
introduced. The Hamiltonian is explicitly translationary invariant in the
x-direction, and therefore energy eigenstates that are also eigenstates of px
can be defined. With the momentum quantized as px = ~k, the Hamiltonian
is reduced to the form of a 1D harmonic oscillator, with potential minimum
at the k-dependent position
yk = − 1
eB
~k = −l2Bk (4)
The corresponding ground state eigenstates have the form
ψk(x, y) = N eikxψ0(y − yk) (5)
with N as a normalization constant and ψ0(y − yk) as the ground state of
the (effective) harmonic oscillator equation in the y-direction,
ψ0(y − yk) = ( 1
pil2B
)
1
4 e
− 1
2l2
B
(y−yk)
2
(6)
These states define the lowest Landau level, with complete degeneracy in
energy due to independence of the value of k.
In the following we restrict x to be a periodic variable of period L,
which means that the 2D system is restricted to a cylinder of circumference
L. The normalization is then N = √1/L and assuming periodic boundary
conditions the momentum k is restricted to k = 2pin/L, with n as an integer.
Since L is considered as a regularization parameter, much larger than other
relevant length scales of the system, we will take the limit L → ∞ at any
time it is convenient in order to simplify expressions.
A general state restricted to the lowest Landau level has the form
ψ(x, y) =
∑
k
ckψk(x, y) =
1√
L
∑
k
ck e
ikxψ0(y − yk) (7)
Since the y-dependence in this representation is fixed by the harmonic os-
cillator wave function, the state can be specified by the the momentum co-
efficients ck alone. Thus, the state is fully described by a 1D wave function
defined as
ψ(ξ) =
∑
k
ckψk(ξ) =
1√
L
∑
k
ck e
ikξ (8)
where ξ is a periodic variable in 1D, with the same period L as x. Even
if ξ is essentially identical to the x-coordinate, it is convenient to make a
distinction between this 1D coordinate and the corresponding 2D coordinate
x.
The form (7) of the wave function explicitly shows the one-dimensionality
of the lowest Landau level, with a simple one-to-one mapping between the
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2D and 1D representations conveyed by the expansion coefficients ck. In the
Dirac bra-ket formalism we write the wave functions as
ψ(x, y) = 〈x, y|ψ〉
ψ(ξ) = 〈ξ|ψ〉 (9)
with |x, y〉 and |ξ〉 corresponding to two different, complete sets of basis
states in the lowest Landau level. An explicit expression for the transition
between the 2D and 1D wave functions is given by
f(x− ξ, y) ≡ 〈x, y|ξ〉 = 1
L
∑
k
eik(x−ξ)ψ0(y − yk) (10)
The transition function only depends on the relative x-coordinate x−ξ, and
by introducing the expression for the harmonic oscillator wave function the
transition function can be written as
f(x, y) =
1
L
√
lB
√
pi
∑
k
exp
[
ikx− 1
2l2B
(y + l2Bk)
2
]
(11)
In the limit L→∞ an expression in closed form can be found
f(x, y) =
1
2pi
√
lB
√
pi
∫ ∞
−∞
dk exp
[
ikx− 1
2l2B
(y + l2Bk)
2
]
=
1√
2pi
√
pi l3B
exp
[
− 1
2l2B
x(x+ 2iy)
]
(12)
We note that in the x-direction the transition function is exponentially
damped with the magnetic length as the damping length. This means that,
although the mapping from 2D to 1D is nonlocal, the transformation essen-
tially restrict the variables x and ξ to be equal within a magnetic length.
The inverse transformation is given by the complex conjugate function
f∗(x− ξ, y) = 〈ξ|x, y〉 (13)
and since the transition function has the symmetries
f∗(x, y) = f(x,−y) = f(−x, y) (14)
the mapping between the 1D and 2D wave functions can be expressed as
ψ(ξ) =
∫
dxdyf(ξ − x, y)ψ(x, y)
ψ(x, y) =
∫
dξf(x− ξ, y)ψ(ξ) (15)
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3 Mapping operators from two to one dimension
The mapping (15) can in a straightforward way be extended to a transfor-
mation between operators in the 2D and 1D descriptions. Thus, the matrix
element of an arbitrarily chosen operator can be written
〈ψ|A|φ〉 =
∫
d2x
∫
d2x′ψ∗(r)A(r, r′)φ(r′)
=
∫
dξ
∫
dξ′ψ∗(ξ)A(ξ, ξ′)φ(ξ′) (16)
where the first line refers to the 2D formulation and the second line to the
1D formulation. (In the first expression the vector notation r = (x, y) has
been used for the 2D coordinates.) From the transformation formula for
the wave functions, this gives the following relation between the integration
kernels of the operator in two and one dimension,
A(ξ, ξ′) =
∫
d2x
∫
d2x′f(ξ − x, y)f∗(ξ′ − x′, y′)A(r, r′) (17)
with inverse
A(r, r′) =
∫
dξ
∫
dξ′f∗(ξ − x, y)f(ξ′ − x′, y′)A(ξ, ξ′) (18)
A potential that is local in 2D has the form
V (r, r′) = V (r)δ(r − r′) (19)
and this gives an operator that is non-local in 1D
V (ξ, ξ′) =
∫
d2xf(ξ − x, y)f∗(ξ′ − x, y)V (x, y)
=
1
2pi
√
pi l3B
∫
dxdy exp
[
− 1
2l2B
{(x− ξ)2 + (x− ξ′)2 + 2i(ξ − ξ′)y)}
]
V (x, y)
(20)
The non-locality is now determined partly by the magnetic length, but also
in part by the range of the potential.
For a two-particle operator A similar expressions are found by relating
the 2D matrix element
A(r1, r2; r
′
1, r
′
2) = 〈r1, r2|A|r′1, r′2〉
(21)
to the 1D matrix element
A(ξ1, ξ2; ξ
′
1, ξ
′
2) = 〈ξ1, ξ2|A|ξ′1, ξ′2〉 (22)
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We restrict the operator to be be a two-particle potential V, which depends
only on the relative coordinates in a local way, and which is antisymmetric
in the particle coordinates,
V (r1, r2; r
′
1, r
′
2) = V (r1 − r2)(δ(r1 − r′1)δ(r2 − r′2)− δ(r1 − r′2)δ(r2 − r′1))(23)
The corresponding 1D operator will then also depend only on the relative
coordinates, but now in a non-local way,
V (ξ1, ξ2; ξ
′
1, ξ
′
2) = V (ξ1 − ξ2; ξ′1 − ξ′2)δ(
1
2
(ξ1 + ξ2)− 1
2
(ξ′1 + ξ
′
2)) (24)
Written as functions of the relative coordinates the correspondence between
the 1D and 2D potentials is of the form
V (ξ; ξ′) =
∫
d2x g(ξ, ξ′;x, y)V (x, y) (25)
where the two-particle g-function, which is determined from the one-particle
f -function, has the form
g(ξ, ξ′;x, y) =
1
(
√
2pi lB)3
A exp
[
− 1
4l2B
{(x− ξ)2 + (x− ξ′)2 + 2i(ξ − ξ′)y)}
]
(26)
In this expression A denotes antisymmetrization with respect to interchange
of the particle coordinates, ξ → −ξ and ξ′ → −ξ′.
A gaussian interaction, which we shall apply in the following,
V (r) = V0e
−α2r2 (27)
gives rise to the following two-particle interaction in 1D
V (ξ, ξ′) =
V0
2
√
pi(1 + 2α2l2B)αl
2
B
A exp [− α
2
4(1 + 2α2l2B)
(ξ + ξ′)2 − (1 + 2α
2l2B)
16l4Bα
2
(ξ − ξ′)2]
(28)
which for a long range potential, αlB << 1, can be approximated by
V (ξ, ξ′) =
V0√
piαl2B
A exp [−α
2
4
(ξ + ξ′)2 − 1
16l4Bα
2
(ξ − ξ′)2] (29)
We note that the 1D interaction given by (28) and (29) involves two
length scales. The first one is given by the length 1/α, which is the range
of the interaction potential in 2D, while the other is the shorter length αl2B .
The appearance of two scales rather than one comes from the difference in
how the interaction in the x-direction and the y-direction in 2D are treated
by the mapping to 1D. As a result of this the interaction in 1D is not a local
density interaction. We may interpret the largest length 1/α as determining
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the range of the interaction, while the shorter length αl2B determines the
degree of non-locality.
In k-space the interaction has the following form
V (k, k′) =
∫
dξ
∫
dξ′ V (ξ, ξ′) exp(−i(kξ − k′ξ′))
= V¯0 A exp[− 1
4a2
(k − k′)2 − b2(k + k′)2] (30)
where we have introduced the following constants
V¯0 = 2
√
pi
1 + 2α2l2B
V0
α
≈ 2
√
piV0
α
a =
α√
1 + 2α2l2B
≈ α
b =
αl2B√
1 + 2α2l2B
≈ αl2B (31)
The approximations indicated in the expressions above are based on the
assumption αlB << 1. When the confining potential is introduced in the
next section, the form of the interaction (30) is still valid, but with V¯0, a and
b modified by the potential. We shall therefore use this form in the further
discussion of the interaction. Furthermore, we shall throughout the paper
assume the interaction to be repulsive, so that V¯0 > 0.
4 Introducing the confining potential
When the confining potential is introduced, the degeneracy of the lowest
Landau level is lifted. We assume the potential to have a harmonic form in
the y-direction, and the single particle Hamiltonian then is
H =
1
2m
(px + eBy)
2 +
1
2m
p2y +
1
2
mω2y2
=
1
2m
p2y +
1
2
m[(ωcy +
px
m
)2 + ω2y2] (32)
with ω as the oscillator frequency. It is well known that such a harmonic os-
cillator potential can be absorbed in a stronger effective cyclotron frequency
ω¯c in the following way,
H =
1
2m
p2y +
1
2
mω¯2c (y +
ωc
mω¯2c
px)
2 +
1
2m
ω2
ω¯2c
p2x (33)
with
ω¯c =
√
ω2c + ω
2 (34)
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The first two terms of (33) can be identified as the Hamiltonian of an
electron in an effective magnetic field B¯ =
√
B2 +m2ω2/e2. Since the x-
momentum is a constant of motion, it can be quantized, px = ~k, and the
energy eigenstates therefore have the same form as before, although with a
modified magnetic length, l¯B =
√
~/eB¯. Note however a small modification
of the k-dependent shift in the minimum of the harmonic oscillator potential
in the y-direction, yk = −(ωc/ω¯c)l¯2Bk.
A modified lowest Landau level can now be defined by reference to the
lowest energy states of the electron in the effective magnetic field B¯. A
further mapping of 1D can be done as previously discussed, but now with
parameters referring to the effective magnetic field rather than the true
magnetic field. The precise form for the f-function which defines the mapping
between wave functions in 2D and 1D is
f(x, y) =
1
2pi
√
l¯B
√
pi
∫ ∞
−∞
dk exp
[
ikx− 1
2l¯2B
(y +
l¯4B
l2B
k)2
]
=
Λ√
2pi
√
pi l¯3B
exp
[
− 1
2l¯2B
Λx(Λx+ 2iy)
]
(35)
with
Λ =
(
lB
l¯B
)2
=
ω¯c
ωc
=
√
1 +
ω2
ω2c
(36)
We note that the transformation now does not only depend on the effective
magnetic length, but also the dimensionless parameter Λ.
The rescaling of the magnetic length, and the effective rescaling of the
x-coordinate in the expression for f(x, y) implies a similar rescaling of the
parameters in the expressions for the 1D interaction. Thus, the form of the
k-space interaction (30) is unchanged, but with rescaled parameters,
V¯0 = 2
√
pi
1 + 2α2 l¯2B
V0
α
≈ 2
√
piV0
α
a = Λ
α√
Λ2 + 2α2 l¯2B
≈ Λα
b =
αl¯2B
Λ
√
1 + 2α2 l¯2B
≈ α
Λ
l¯2B (37)
The states of the lowest Landau level are no longer degenerate in energy
due to the last term of (33). Thus, the k dependent single-particle energies
are Ek = (~
2k2/2m)(ω/ω¯c)
2+~ω¯c/2. Clearly, when k is sufficiently large the
energy will exceed the excitation energy to the next Landau level. Therefore
the ground state of the N -particle system for sufficiently large N will include
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occupied single particle states also in higher Landau levels. In our case we
assume the confining potential to be sufficiently soft so that this is avoided.
To be more precise, let us consider N0 = kFL/pi as the relevant particle
number, with the ground state corresponding to occupation of all states in
the interval −kF < k < kF between the two Fermi points. WithW denoting
the physical width of the corresponding band of states in the 2D plane, we
have W = 2(l¯4B/l
2
B)kF and the condition for the states of highest energy, at
the edges of this band, to have lower energy than the excitation energy to
the next Landau level is
ω
ωc
.
l¯B
W
<< 1 (38)
The last inequality follows from the assumption that even if the channel
of 2D electrons is narrow, so that interactions between the two edges is
possible, it is wide at the length scale set by the magnetic field.
Since the oscillator frequency is much smaller than the cyclotron fre-
quency, the difference between ωc and ω¯c (and between lB and l¯B) is small
and can in most cases be neglected. This means for the mapping between
the 2D and 1D descriptions that Λ ≈ 1 and l¯B ≈ lB and therefore the
original form of the transformation functions, introduced in Sects. 2 and 3,
can be used to a good approximation, also in the presence of the confining
potential.
y
L
W
x
Figure 1: The occupied 2D electron states of the many-electron ground state. Due
to the harmonic oscillator potential in the y-direction, the electrons are confined
to a band of width W (indicated by blue color). The electron states are localized
in the y-direction and are extended in the x-direction, with a periodic length L.
The potential gives rise to a current density in the x-direction that changes linearly
with y.
When interactions between the electrons are introduced in the next sec-
tion this picture does not change as long as these are sufficiently weak.
However, for a stronger interaction it is natural to consider the confining
potential discussed here as being the effective potential defined by an attrac-
tive background potential together with the (repulsive) potential produced
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by the electrons in the Fermi sea. In that case the energy constraints given
above should be interpreted as applying to this effective potential.
A physical effect of the confining potential is to introduce drift currents
along the quantum Hall channel, with opposite directions of the current
on the two sides of the channel. For the harmonic oscillator potential the
currents are not confined to the edges, but are distributed in a continuous
way through the many-electron system, with maximum values at the edges.
However, the edges themselves are well defined, since the electron density in
the ground state is essentially constant through the sample and falls abruptly
to zero at the edges, within a width of one magnetic length.
5 The interacting system and its low-energy ap-
proximation
In the 1D representation the N -particle Hamiltonian has the form
HN =
N∑
i=1
1
2M
p2i +
N
2
~ω¯c +
∑
i<j
Vij (39)
where Vij is the non-local two-body interaction, with matrix elements pre-
viously discussed in Sect. 3, and M is the effective 1D mass, related to the
electron mass by
M = m
ω¯2c
ω2
(40)
In the second quantized form the Hamiltonian is
H =
∑
k
(
~
2
2M
k2 +
1
2
~ω¯c)c
†
kck +
1
4L
∑
q,k1,k2
V (k, k′)c†k1c
†
k2
ck2−qck1+q (41)
with k = (k1− k2)/2 and k′ = (k1− k2)/2+ q. V (k, k′) is given by (30), but
without the antisymmetrization A in the variables k and k′. The explicit
antisymmetrization is not needed due to the anticommutation relations be-
tween the c operators, and the chosen unsymmetrized form is convenient
when discussing the low energy approximation.
We focus now on the low energy approximation to the Hamiltonian,
which means that we restrict the system to include only low energy excita-
tions around the ground state of a system for a given numberN0 of electrons.
These excitations are in a natural way characterized by their chirality, where
the excitations close to the Fermi point +kF have positive chirality and cor-
respond to excitations of rightmoving electrons, whereas excitations close
to −kF have negative chirality, corresponding to excitation of leftmoving
electrons. We characterize these two possibilities by the chirality parameter
χ = ±1.
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The low energy approximation is most conveniently introduced by rewrit-
ing the Hamiltonian in terms of operators that are normal ordered relative
to the filled Fermi sea. Thus, the first part of the Hamiltonian is written as
H0 =
∑
k
(
~
2
2M
k2 +
1
2
~ω¯c) : c
†
kck : +
kF∑
k=−kF
(
~
2
2M
k2 +
1
2
~ω¯c) (42)
and since the normal ordered operator, in the low energy approximation, can
be regarded as giving non-vanishing contributions only when k is close to kF
or −kF , a linearization of the k-dependent function around these points can
be performed. With the contributions from the two Fermi points identified
by their different values of the chirality parameter χ, the kinetic term H0
can then be written as
H0 = vF~
∑
χ, k
(χk − kF ) : c†χ, k cχ, k : +(
1
2
Mv2F +
1
2
~ω¯c)(N −N0)
+
kF∑
k=−kF
(
~
2
2M
k2 +
1
2
~ω¯c) (43)
with vF = ~kF /M as the Fermi velocity. Even if in the first term the
summation variable k is initially restricted to be close to χkF , we follow
the usual approach to treat χ and k as independent variables, since in the
low energy approximation there is effectively no contribution to the normal
ordered operators from the additional values of k.
The interaction part of H is treated in a similar way,
V =
1
4L
∑
q,k1,k2
V (
1
2
(k1 − k2), 1
2
(k1 − k2) + q)) : c†k1ck1+q : : c
†
k2
ck2−q :
+
1
2L
∑
k

 kF∑
k′=−kF
V (
1
2
(k − k′), 1
2
(k − k′))

 : c†kck :
− 1
4L
∑
k
V (
1
2
k,
1
2
k) N
+
1
4L
kF∑
k1=−kF
kF∑
k2=−kF
V (
1
2
(k1 − k2), 1
2
(k1 − k2)) (44)
We first consider the first term of (44), which is the two-particle interaction.
In the low energy approximation k1 and k2 are restricted to be close to one
of the Fermi points, and we make a distinction between two contributions
from this term, with the first contribution corresponding to interaction be-
tween particles with the same chirality and the other to interaction between
particles with opposite chiralities.
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For the case of equal chiralities we have
V (
1
2
(k1 − k2), 1
2
(k1 − k2) + q)) = V¯0 exp[− q
2
4a2
− b2(k1 − k2 + q)2]
≈ V¯0 exp[− q
2
4a2
]
≡ V1(q) (45)
where we have neglected the contribution from the b term due to the small-
ness of b. Thus, if the range of the potential is comparable to the width
W of the quantum Hall sample we have b ≈ 1/kF , and since in this case
|k1 − k2 + q| << kF the contribution is negligible. However, when the two
particles are at opposite edges this is no longer the case, since we then have
|k1 − k2 + q| ≈ 2kF . In that case the following approximation is valid
V (
1
2
(k1 − k2), 1
2
(k1 − k2) + q)) = V¯0 exp[− q
2
4a2
− b2(k1 − k2 + q)2]
≈ V¯0 exp[−4b2k2F ] exp[−
q2
4a2
]
≡ V2(q) (46)
Since, in both cases, the momentum transfer q is effectively restricted
by |q| << kF , due to the exponential damping term exp(−q2/4a2), the first
term of the interaction (44) can be approximated by
V2part =
1
4L
∑
χ, q
(V1(q)ρχ, qρχ,−q + V2(q)ρχ, qρ−χ,−q) (47)
where we have introduced the chiral density operators
ρχ, q =
∑
k
: c†χ, kcχ, k+q : (48)
Although the original interaction is non-local, we note that the two contri-
butions to the low-energy interaction, V1 and V2, are both local interactions.
The original non-locality has given rise to a difference between these terms,
in the form of a constant, b-dependent factor,
V2(q) = exp[−4b2k2F ]V1(q) (49)
We next consider the second term of the interaction (44), which is a one-
particle operator that can be treated in the similar way as H0. We write
this term as
V1part =
1
2L
∑
k
U(k) : c†kck : (50)
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with
U(k) =
kF∑
k′=−kF
V (
1
2
(k − k′), 1
2
(k − k′)) (51)
In the low energy approximation k has to be close to either kF or −kF .
We separate these two contributions, corresponding to the two values of the
chirality parameter χ, and write k = χkF +(k−χkF ) with |k−χkF | << kF .
By expanding to first order in the small quantity k−χkF we get the following
two low energy contributions
Uχ(k) =
L
2pi
V¯0
∫ 2kF
0
e−b
2k2dk − L
2pi
V¯0(1− e−4b2k2F )(χk − kF ) (52)
where only the second term is k-dependent. In this approximation the one-
particle operator is
V1part = − V¯0
4pi
(1− e−4b2k2F )
∑
χ, k
(χk − kF ) : c†χ, kcχ, k : +
V¯0
4pi
[
∫ 2kF
0
e−b
2k2dk] (N −N0)
(53)
where the second term is proportional to the particle number N −N0. The
first term is linear in the momentum variable k and effectively modifies the
Fermi velocity by an interaction dependent contribution,
v¯F = vF − V¯0
4pi~
(1− e−4b2k2F ) (54)
In the 2D description this correction to the Fermi velocity can be interpreted
as due to a correction to the confining potential caused by interactions with
electrons in the bulk of the system.
The full Hamiltonian in the low-energy approximation can now be found
by collecting the terms discussed above. We modify further the expression
by adding a term proportional to N (interpreted as an effective chemical
potential) and by removing the constant ground state energy. The resulting
expression for the Hamiltonian is
H = v¯F~
∑
χ, k
(χk − kF ) : c†χ, k cχ, k : +
1
4L
∑
χ, q
(V1(q)ρχ, qρχ,−q + V2(q)ρχ, qρ−χ,−q)
(55)
This is precisely of the Luttinger form, as discussed in ref. [5], and the
Hamiltonian can therefore be diagonalized by the same bosonization tech-
nique. Note, however, that v¯F already include contributions from the inter-
actions. Such contributions are not included in [5], where the interactions
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are introduced directly in the normal ordered form (55). Also note that our
derivation of the interaction term from the underlying 2D model has given a
difference in the strength of V1 and V2, as a consequence of the non-locality
that is introduced by the mapping from 2D to 1D. In a truly 1D theory such
a difference may seem somewhat unnatural, since it does not correspond to
a local density interaction.
Although the original Hamiltonian (41) in principle include chirality
changing terms, these are (due to momentum conservation) suppressed in
the low energy approximation. Thus, the chirality charge
J =
∑
χ, k
χ : c†χ, k cχ, k : (56)
as well as the total particle numberN are fully conserved by the Hamiltonian
(55).
6 Renormalized Luttinger parameters
The Hamiltonian (55) can be diagonalized by use of standard bosonization
technique. Here we only briefly discuss the application of the method to the
present case and refer to [5] for more details. For given N and J all exitations
of the system can be generated by the bosonic creation and annihilation
operators defined by the chiral density operators,
aq =
√
2pi
|q|L
∑
χ
θ(χ q)ρχ,q , a
†
q =
√
2pi
|q|L
∑
χ
θ(χ q)ρχ,−q (q 6= 0) (57)
With the Hamiltonian (55) separated in a one-body and a two-body part,
H = H1part +H2part (58)
the two-body part can readily be reformulated in terms of the bosonic oper-
ators if the q = 0 component is separated from the q 6= 0 part and expressed
in terms of the chiral particle number operators,
Nχ =
∑
k
: c†χ, k cχ, k : (59)
The result is
H2part =
V¯0
4L
∑
χ
(N2χ + e
−4b2k2
FNχN−χ)
+
1
8pi
∑
q 6=0
|q|
[
(V1(q)(a
†
qaq + aqa
†
q) + V2(q)(a
†
qa
†
−q + aqa−q)
]
(60)
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The one-body part of the Hamiltonian, with a linear momentum dependence,
can also be re-expressed in terms of bosonic variables, although in a less
obvious way. We only refer to the standard result,
H1part = v¯F
pi
L
∑
χ
N2χ + v¯F
∑
q 6=0
|q|a†qaq (61)
For the full Hamiltonian, with Nχ expressed in terms of N and J , the
bosonic form is
H =
pi~
2L
(vN (N −N0)2 + vJJ2)− ~
2
∑
q 6=0
v¯F |q|
+
~
2
∑
q 6=0
|q|
[
(v¯F +
V1(q)
4pi~
)(a†qaq + aqa
†
q) +
V2(q)
4pi~
(a†qa
†
−q + aqa−q)
]
(62)
where the new velocity parameters vN and vJ are given by
vN = v¯F +
V¯0
4pi~
(1 + e−4b
2k2
F ) = vF +
V¯0
2pi~
e−4b
2k2
F
vJ = v¯F +
V¯0
4pi~
(1− e−4b2k2F ) = vF (63)
One should here note the interesting point that the velocity parameter vJ is
not renormalized by the interaction. Thus, the contribution from the q = 0
component of the interaction between the low energy electrons in (55) is
exactly cancelled by the contribution from the effective potential created by
the electrons in the Fermi sea.
For vN there is a renormalization effect as long as the factor exp(−4b2k2F )
is non-negligible. This condition can be linked to the range of the interaction
potential in 2D. Thus, if Λ ≈ 1, with Λ as the scale factor in (37), then
e−4b
2k2
F ≈ e−α2W 2 (64)
with 1/α as the range of the 2D potential and W as the width of the quan-
tum Hall channel. This means that for a sufficiently short range potential,
1/α << W , with no communication between the two edges, there is no
renormalization effect. In that case the interaction V2(q) becomes negligible
for all q due to the relation
V2(q) = e
−α2W 2V1(q) (65)
In the other limit, with 1/α >> W , the interaction in 1D is changed to a
local interaction, and there is no difference between the two interactions,
V1(q) = V2(q). Therefore, the intermediate case is in a sense the most
interesting one, with the range of the potential comparable to the distance
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between the two edges. In that case both V1 and V2 are different from zero,
and they are not equal due to the interaction between the two edges.
The Hamiltonian (62) is brought into the diagonal, free-field form, by a
Bogoliubov transformation. This transforms the annihilation operators as
aq = S
†bqS = cosh ζq bq + sinh ζq b
†
−q (66)
with
S = exp[
1
2
∑
q 6=0
ζq (a
†
qa
†
−q − aqa−q)] (67)
and ζq defined by
tanh(2ζq) = − V2(q)
V1(q) + 4pi~v¯F
= −e−α2W 2 V¯0 exp(−
q2
4α2
)
V¯0 exp(− q24α2 ) + 4pi~v¯F
(68)
Expressed in terms of the transformed bosonic operators the Hamiltonian is
H = E0 + ~
∑
q 6=0
ωqb
†
qbq +
pi~
2L
(vN (N −N0)2 + vJJ2) (69)
with
E0 =
~
2
∑
q 6=0
(ωq − v¯F |q|) (70)
and
ωq =
1
4pi~
√
(V1(q) + 4pi~v¯F )2 − V2(q)2 |q| (71)
An important parameter of the Luttinger liquid theory, is the one that
specifies the asymptotic behavior of the electron correlation function. Thus
for large distance ξ, the correlation function falls off with distance as 1/ξγ .
The parameter γ depends on the interaction and can be determined by
expressing the electron operators in terms of the bosonic variables. We
quote the general result and apply it to the present case
γ =
√
(V1(0) + 4pi~v¯F )2
(V1(0) + 4pi~v¯F )2 − V2(0)2
=
√
(V¯0 + 4pi~v¯F )2
(V¯0 + 4pi~v¯F )2 − exp(−2α2W 2)V¯ 20
(72)
One notes that the deviation of γ relative to the non-interaction value 1
depends on the interaction between particles of opposite chiralities, i.e.,
17
between electrons of the two edges of the quantum Hall system. If we re-
write the expression in terms of the unnormalized Fermi velocity vF and
introduce the relative interaction strength,
∆ =
V2(0)
4pi~vF
=
exp(−α2W 2)V¯0
4pi~vF
(73)
the expression for γ is
γ =
1 +∆√
1 + 2∆
(74)
For weak interaction between the two edges, with ∆ << 1, this gives to
leading order,
γ ≈ 1 + 1
2
∆2 (75)
For more details concerning the correlation functions we refer to [6]. We
there in particular examine how renormalization effects, due to interaction,
modify the 2D correlation function when we map the system back from 1D
to the description of the quantum Hall state.
7 Current renormalization and the Hall conduc-
tivity
The electron interaction will modify the expression for the current density,
both in the 1D and 2D description. This follows from current conservation,
since the time derivative of the charge density will be modified by the in-
teraction. Expressed in terms of the Fourier components this relation is (in
the low energy approximation)
qjq =
1
~
∑
χ
[H, ρχ, q] (76)
where the commutator can be determined from the bosonized form of the
operators. For q 6= 0 the result is
jq =
∑
χ
χ(v¯F +
V1(q)
4pi~
− V2(q)
4pi~
)ρχ, q (q 6= 0) (77)
The q = 0 component is not determined by the current conservation condi-
tion, which is obvious from eq. (76). However, if one simply assumes that
the expression (77) can be extended to q = 0, this gives for the integrated
current [5],
j0 = vJJ (78)
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where vJ is the same velocity parameter as in the expression for the J-
dependent contribution to the energy. As already discussed, vJ is changed
by the interactions, relative to the modified Fermi velocity v¯F . However, rel-
ative to the original Fermi velocity vF , which is determined by the confining
potential alone, there is no renormalization effect, vJ = vF .
The question about a possible renormalization of the current is an inter-
esting one with relation to the quantum Hall effect in the 2D description.
With a long range interaction that connects the two edges of the quantum
Hall sample, the effect of the interaction on the 2D electron system is not
completely obvious, but the non-renormalization of vJ in 1D is consistent
with the conclusion that the Hall conductivity is left unchanged by a (weak)
long range interaction. We will discuss this point, and assume for simplicity
that ω << ωc, so we can neglect the difference between the true and the
effective magnetic field for the electrons in the harmonic oscillator potential.
Consider then the 2D system in a situation where a weak electric field
is applied in the y direction. This modifies the external potential as
1
2
mω2y2 → 1
2
mω2y2 − eEy
=
1
2
mω2(y − eE
mω2
)2 − (eE)
2
2mω2
(79)
with E as the electric field strength. Thus, the only change is a shift of
the minimum of the potential in the y direction and the addition of a small
constant term. The new ground state is therefore the same, up to a shift
in the y-direction, as without the electric field. The shift in the y direction
means that it has the non-vanishing chiral charge relative to the original
ground state,
J = 2
eE
mω2
Lρ0 (80)
where ρ0 is the bulk particle density in the quantum Hall state. The strength
of the electric field may be adjusted to make J an even integer, in which
case the new ground state is an energy eigenstate also of the old Hamiltonian
(with E = 0). It is not the true (global) ground state, but rather the ground
state in a J 6= 0 sector.
An explicit transformation from the E 6= 0 system to the E = 0 system
may be introduced by a change from a fixed frame to a frame that moves
with velocity v in the x-dirextion. Thus, if the velocity is chosen as v = E/B
the transformed electric field vanishes, while the B field is modified by terms
that are negligibly small for sufficiently small E and ω.
Let us consider the linear current density j(x) =
∫
jx(x, y)dy, with
jx(x, y) as the x-component of the planar current density. In the ground
state (for E 6= 0) we obviously have j(x) = 0. However, in the moving
19
frame, with E = 0, the current is non-vanishing. The current density in this
frame has the constant value
j = vN/L =
E
B
ρ0W (81)
where N is the particle number, and the width of the quantum Hall channel
here is defined as W = N/(ρ0L). Therefore, in this frame both J and j are
non-vanishing, with the relation
j =
mω2
eB
W/L J (82)
If we further introduce the Fermi velocity vF = (~kF /m)(ω/ωc)
2 and and
assume the width W to be the same as in the non-interacting case, W =
2l2BkF , then the relation simplifies to
j = vFJ/L (83)
This relation for the 2D current translates directly to eq. (78) in the 1D
case, with j0 =
∫
j(ξ)dξ = jL and vJ given by the unrenormalized value
vF . (There is a small non-locality in the mapping between the 1D and 2D
current densities, but this is of no importance for the integrated current.)
Thus, the relation between j and J given by (82) is consistent with the
result vJ = vF , provided the width W and therefore the particle density is
left unchanged by the interactions. This further means that the Hall con-
ductivity is not modified. Thus from (81) follows that the Hall conductivity
is
σ =
j
EW
=
e2
2pi~
(84)
which is the quantized Hall conductivity at integer filling, without any cor-
rection due to interactions.
As a final comment on the question of the renormalization of the current
due to interactions, we return to the 1D result and write the current density
in a standard many-body form. For the integrated current this is
j0 =
∫
dξ
∑
i
vi δ(ξi − ξ) =
∑
i
vi =
P
M
(85)
where the summation is over all the particles in the system, and P denotes
the total momentum. This shows that for interactions that respect conser-
vation of total momentum, one should not expect renormalization of j0 due
to interactions. A related, general argument is given in ref.[7], that vJ is not
renormalized by interactions in a 1D many-particle system with Galilean
invariance. In the present case, the system of 2D electrons in the magnetic
field is not Galilean invariant, but even so the corresponding 1D system,
with interactions (30), is invariant under both translations and Galilean
transformations.
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8 Conclusions
The model discussed in this paper gives the possibility of making an explicit
mapping of a 2D quantum Hall system to a 1D electron system, which in
the low energy approximation takes the form of a Luttinger liquid. We have
examined this mapping with the focus on the low-energy description of the
particle interactions, and on how the physical parameters of the quantum
Hall fluid determine the Luttinger parameters.
The model is simple and idealized, in order to make explicit evaluations
possible. Thus, we assume an harmonic confining potential for the 2D elec-
trons, with a weak electron interaction. However, these simplifications do
not seem very important for the main conclusions. With a stronger inter-
action between the electrons, the confining potential may simply include
the effects of the Fermi sea, and the conclusions concerning renormalization
effects for the Luttinger parameters do not seem to depend strongly on the
harmonic oscillator form of the background potential.
We have assumed that the particle interaction is sufficiently long range to
introduce interactions between electrons at opposite edges of the quantum
Hall fluid. In the low energy approximation that means that there are
non-vanishing interactions between particles of opposite chirality as well as
between particles of equal chirality. Since these two types of interactions are
different, that may suggest that the two low-energy parameters, vN and vJ ,
are both modified by the interactions. However, that is not the case, as the
detailed analysis shows. Even if the interaction depends on two parameters,
the strength and the range, only a single combination of these appears in
the low energy description in such a way that vJ unchanged. In our analysis
that can be explained as a cancelation effect when interactions between the
low energy particles and particles in the Fermi sea are included in addition
to interactions between the low energy particles.
The non-renormalization of the current parameter vJ we have further
shown to be consistent with general arguments applied to the model we
study. On one hand we link that to robustness of the Hall conductivity.
Thus, even if the interactions are long range and extend across the the
electron system, the fact that vJ is not modified by interactions is consistent
with the assumption that that the Hall conductivity is unchanged. On
the other hand, the fact that momentum is conserved indicates that the
integrated current, and therefore vJ will not be modified by the interactions.
There are other effects of the interaction, for example for the density
profile at the edges of the system and for the asymptotic behaviour of the
electron correlation function. We refer to the subsequent paper [6], for a dis-
cussion of these questions. In this paper we evaluate the correlation function
of the 2D interacting system by use of the 1D Luttinger liquid description.
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